A GENERALIZED CHORDAL METRIC MAKING STRONG 
STABILIZABILITY A ROBUST PROPERTY 
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Abstract. An abstract chordal metric is defined on linear control systems described by 
their transfer functions. Analogous to a previous result due to Jonathan Partington [5] for 
H'^ , it is shown that strong stabilizability is a robust property in this metric. 
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1. Introduction 

The aim of this note is to give an extension of a result due to Jonathan Partington (recalled 
below in Proposition I l.ip saying that strong stabilizability is a robust property of the plant in 
the chordal metric. The basic and almost unique ingredient in the proof of this fact is a result 
proved by Partington in O Lemma 2.1, p. 84] (which we have restated in Lemma ll.2p . The 
only new point is that we prove that the analogous result holds in an abstract setting, hence 
expanding the domain of applicability from the original setting of unstable plants over H°° 
to ones over arbitrary rings of stable transfer functions satisfying mild assumptions. (Here, 
as is usual in the control engineering literature, H°^ denotes the Hardy algebra of bounded 
holomorphic functions defined in the complex open right half plane {s € C : Re(s) > 0}.) 

We recall the general stabilization problem in control theory. Suppose that R is an integral 
domain with identity (thought of as the class of stable transfer functions) and let F(i?) denote 
the field of fractions of R. Then the stabilization problem is: 

Given p G F(i?) (an unstable plant transfer function), 
find c G ¥{R) (a stabilizing controller transfer function), 
such that (the closed loop transfer function) 
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belongs to R^^^ (that is, it is stable). 



The demand above that H{p,c) £ R?^"^ guarantees that the "closed loop" transfer function 
of the signal map 
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in the interconnection of p and c as shown in Figured] is stable. (So after the interconnection, 
"nice" signals are indeed mapped to nice signals.) 

A stronger version of the problem is when we require a stable controller c £ R which 
stabilizes p. If such a c exists, then we say that p is strongly stabilizable. 
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Figure 1. Feedback connection of the plant p with the controller c. 



In the robust stabilization problem, one goes a step further than the stabilization problem. 
One knows that the plant is just an approximation of reality, and so one would really like the 
controller c to not only stabilize the nominal plant po, but also all sufficiently close plants p 
to Po • The question of what one means by "closeness" of plants thus arises naturally. So one 
needs a function d defined on pairs of stabilizable plants such that 

(1) d is a metric on the set of all stabilizable plants, 

(2) d is amenable to computation, and 

(3) stabilizability is a robust property of the plant with respect to d. 

There are various known metrics which do the job, notably the gap metric (|12])) the graph 
metric ([TO]) and the Vinnicombe z^-metric (see [11] for the rational transfer function case 
and [1], [9] for its recent extension for nonrational transfer functions). This last metric is in 
some sense the "best" one, as it is comparatively easy to compute and admits some sharp 
robustness results. The Vinnicombe metric itself arose from a very natural idea of defining a 
metric between meromorphic functions in the complex right half plane, namely the pointwise 
chordal metric, defined below. This metric has been studied by function theorists (see for 
example [1]), since it is a natural analogue of the H^ distance between bounded analytic 
functions, and it can be used for functions with poles in a disk. The use of the chordal metric 
to study robustness of stabilizability was made by Ahmed El-Sakkary in [8]. 

If pi,P2 are two meromorphic functions in the open right half plane, then the chordal 
distance k between pi , p2 is 



/ N |Pl(s) -P2(s)| 

k(pi,P2):= sup ^ =. 

seC; Rc(s)>0; VI + |Pl(s)P\/l + |P2(s)P 

either pi(s)^oo or p2(s)^oo 



This metric has the interpretation that it is the supremum of the pointwise Euclidean distance 
between the points pi(s) and P2('S) on the Riemann sphere. Recall that the stereographic 
projection allows the identification of the extended complex plane C U {oo} with the unit 
sphere S of diameter 1 in M^, where the point z = in the complex plane corresponds to the 
south pole S of the sphere S and the point z = oo corresponds to the north pole A^ of S. 
Points Pc in the complex plane can be identified with a corresponding point Ps on the sphere 
S, namely the one in S which lies on the straight line joining P^ and N . See Figured) 

The following result was shown by Jonathan Partington (see [5l Theorem 2.2, p. 84] or [6l 
Theorem 4.3.4, p.83]). 
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Figure 2. The Riemann sphere with diameter 1 and centre at ( 0,0, — 
Proposition 1.1. Let po,p G ¥{H°°), and let c G H°° be such that go := — — — G H^ 



Set k := ||c||oo and g = ||go||oo- If 



cpo 



N 1 f 1 1 

«(P,Po) < -mm<^ 1, -, 



3 i ' 5' k{l + kg) 

then p is also stabilized by c. 

This foUows from the fohowing key estimate, which gives a lower bound on the chordal 
distance; see [H Lemma 2.1, p. 84] or [6l Lemma 4.3.3]. 



Lemma 1.2. Ifzi,Z2 G C and < a < 1, then 

1 1 



/ N \Zl- Z2\ \ • J O^ I \ ^"^ 

k{Zi,Z2) := , , in /, , in ^ min<^ -— 2^1 -^2| 



2;i ^^2 



a2 



1 + a^ 



Vl + |zi|Vl + l^2P " U + a^ l + a2 

1.1. Abstract set-up and main result. Our main result is given in Theorem 11.41 below. 
We will assume throughout the following: 

(Al) i? is a commutative ring without zero divisors and with identity. 

(A2) S" is a complex, commutative, unital, semisimple Banach algebra. 

(A3) R C S, that is, there is an injective ring homomorphism l : R ^ S. 

(A4) i? is a full in S, that is, if x G i? and t(x) is invertible in S, then x is invertible in R. 
(A3) allows identification of elements of R with elements of S. So in the sequel, if x is an 
element of R, we will simply write x (an element of S\) instead of i(x). 

We will denote by ¥{R) the field of fractions over R. An element p G ¥{R) is said to have 

a coprime factorization over R if 

n 

P=d' 

where n, d G i?, d 7^ and there exist x, y G i? such that nx + dy = 1. 
We define the subset of coprime factorizable plants over R to be the set 

S{R) := {p G F{R) : p has a coprime factorization}. 

The maximal ideal space of S is denoted by M{S). If x G 5", then we denote by x the Gelfand 
transform of x. Also, we set 

||x||oo := max |x(c^)|. 
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If Pi, p2 € S(-R)j then the chordal distance k between pi, P2, which have coprime factorizations 

ni n2 

pi = — and p2 = — , 
di d2 

is 



«^(Pi,P2) := sup 



The function k given by the above expression is weh-defined. Indeed, if 

ni Hi 
di di 

then nidi = riidi, and so, for each if £ M{S), we have ni{{p)di{{p) = ni(99)di(c^). Using 
this one can see that 

\ni{ip)d2i(p) - iv2{ip)di{ip)\ \nl{^p)d2i^p) - ni{ip)di{(p)\ 



^|nl((/p)|2 + |dl(v?)|2 ^|Sl((^)|2 + |d^((^)| 



2 



and so it fohows that the expression in the definition of k is independent of any particular 
choice of a coprime factorization of either plant. 
We have the following result. 

Proposition 1.3. k is a metric on S{R). 

Proof. The proof is straightforward, but we give the details as they elucidate the use of the 
basic assumptions in our abstract setting. 

(DI) If pi, P2 G S(-R)) then it is clear from the expression for k(pi, P2) that it is nonnegative. 

Furthermore, «;(p, p) = for any p S S{R). 

Finally, if pi,p2 G S(i?) are such that K(pi,p2) = 0, then we must have, with pi,P2 having 

coprime factorizations 

ni n2 

pi = -— and p2 = -—, 
di d2 

that for all (p G AI{S) that ni{{p)d2{(p) —n2i^)di{(p) = 0, and by (A3) and the semisimplicity 
of the Banach algebra (A2), we obtain nid2 = n2di, that is, pi = p2. 

(D2) If pi, p2 G S(-R), then it is clear from the expression for k that k(pi, P2) = k(P2i Pi)- 

(D3) Let Pi,P2,P3 G E{R) have coprime factorizations 

ni n2 n3 

Pi = ^, P2 = -7-, P3 = -7-- 
di d2 ds 

Since the usual Euclidean distance in M'^ satisfies the triangle inequality, it follows that 

\iii{ip)d2{ip) - ni{ip)di{ip)\ ^ \nl{ip)d3{ip) - n^{ip)di{(p)\ 



^|nl(y,)|2 + |dI(^)|2^|nS(^)|2 + |d^(^)|2 ^|Sl(v.)|2 + \M^)\^^\ns{ip)\^ + fy^)\^ 

\ni{ip)d2{ip) - ni{ip)d-i{ip)\ 



+ 



|n5(v.)|2 + |d3(v.)lV|iiS(^)P + |d2(y.)|2 
Consequently, Ac(pi,p2) < K(pi,p2) + «;(pi,p2). This completes the proof. D 
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Our main result is the following, which we will prove in the next section. 

Theorem 1.4. Suppose that po,p G S(-R) and c £ R is such that go := G R- Set 

1-cpo 

k := ||c||oo and g = ||go||oo- If 

^ 1 f 1 1 

«^(P,Po) < -min<^ 1, 



3 I ' g' k{l + kg)j' 

then p is also stabilized by c. 

2. Proof of the main result 

Lemma 11.21 plays a key role in the proof of Theorem II. 4^ and so we include its short proof 
(taken from O Lemma 2.1, p. 84]) here. 

Proof of Lemma \l.^ Consider the three possible cases, which are collectively exhaustive: 



11 a^ 

1° \zi\ < - and 12:2! < — . Then k{zi,Z2) > :^\zi — Z2\. 

a a 1 + a^ 

2° \zi\ > a and \z2\ > a. Then - — - < — and - — - < -. As k(zi,Z2) = k ( — , — ) , it 

Fil a \Z2\ a \zi Z2 

follows from 1_° above that k{zi,Z2) > r^ — k 



1 + a^ Zi Z2 

3° \zi\ < a and \z2\ > — , or vice versa. Since the distance between the spherical 

a 
caps on the Riemann sphere corresponding to the regions {z G C : \z\ < a} and 

^ , , 11 f A l-«^ . „ , / ^ 1-a^ 
z G L : z > - > IS K a, - = ^, it follows that k(zi,Z2) > ^. 

a } \ aj 1 + a'' 1 + a"^ 

This completes the proof. D 

Proof of Theorem] 1. A Let Po = — and p = — be coprime factorizations of po and p. 

do d 

Since c stabilizes po, it follows in particular that 

' ^° Gi^and P° = "° eR. 



1 - poc do - noc 1 - poc do - hqc 

Moreover, since (ng, do) are coprime in R, there exist x, y G .R such that no • x + do • y = 1. 
Hence it follows that 

1 no • X + do • y po , 1 ^ „ 

x + • y G -K. 



do - noc do - noc 1 - poc 1 - poc 

So do — noc is invertible as an element of R. In particular, it is also invertible as an element 
of S, and so 

for ah 99 G M(5), d^(99) - H5((^)c((^) / 0. (2.1) 

Suppose that d — nc is invertible as an element of R, then 

d • (d - nc)"^ G -R, — - — = n- (d-nc)^ G i?. 



1 — pc 1 — pc 

pc 



= c • d • (d - nc)~^ G R, —^ = -1 + d • (d - nc)"^ G R, 

1 — pc 1 — pc 

and so H{p,c) G R^^"^, showing that p is also stabilized by c, and we are done. 
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So suppose that d — nc is not invertible as an element of R. Then d — nc is not invertible 
in S too, since by assumption (A4), i? is a full subring of S. Thus there is a (/Jq £ M{S) such 
that 

d(v9o) - a(^o)c(v5o) = 0. (2.2) 

We consider the following cases. 



1° If d((^o) = 0, then n(y3o) / by the coprimeness of (d,n) and so by ()2.2p . c((/7o) = 0. 
Hence by (12. 1|) . do(v3o) 7^ 0. So in this case we have 



But since 0(990) = 0, we have 
no(¥'o) 



|do(v'o)| 



n5(v9o)P + |do(v?o) 



do(</'o 



no(v'o 



do((/?o) -nJJ(v3o) •c(v3o) 



/ no(vo) 

K :^^:^ ,00 

Vdo(¥'o) y 



|go(9'o)l < llgolloo = g- 



Thus if a is any number such that < a < 1, we have 

\g J yi + a^g 1 + a^ 



(2.3) 



2° Now let d(v9o) / 0. Then using (g^]), it follows that n(v3o) 7^ and c((/?o) / 0. 

Suppose first that do(<^o) = 0. By the coprimeness of (do, no), we have no((/3o) 7^ 0. Then 
we have 



/^(P^Po) > 



|d(^o)| 



where we have used (j2.2p to obtain the last equality. But 



K I ^^ ,00 I = K I ;^7 r, 00 , 



c('/?o) ^ 



9 = llgolloo = sup 



no('/3) 



do{ip) -n5((/7)c^((/3) 



> 



no (9^0) 



do((/?o) -n5(v7o)c^(v7o) 



|co(vo)r 



Thus if a is any number such that < a < 1, we have 

/I \ , , (I \ r a2 1 l-a2 

'^(P,Po) > i^\ —, — r,oo > K(g,oo) = K -,0 > mm<^ — — ^-, — — 2 

Finally, suppose that do(v3o) 7^ 0. If no(c^o) = 0, then 

|n('/3o)| 



(2.4) 



/^(p^Po) > 



a((/.o)P + |d(^o)p 



c(93o) 



,00 , 



using (j2.2p . and proceeding in the same manner as above, we obtain ()2.4p once again. 
Suppose now that no((^o) 7^ 0. We have 



«(p,Po) > K 



n((/7o) no(yo) 
d((/5o)' do((/?o) 
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Using ()2.2p we have that 



nolf/^o) 



d{^po) do((^o) ^(^o) do((/3o) ^(^o) 



l-c(c^o) • 



no('^o) 
do(¥'o). 



Clearly 



cCv'o) 



> 



Furthermore, 

do(v'o) 



Hence 



1 +Co{(po 



no(9'o) 



1 

k' 



do{(po) - n^{fo)co{(po) 



n(v9o) n5(v7o 



d{ipo) do((yOo) 



> 



Also, since UQ^ipo) ^ 0, we have 

d((/?o) dol'/^o) 



n((/?o) no(c/?o) 



c(v3o) 



do(yo) ^ _ 



|l+cb(<^o)go(93o)| < l+kg. 
(2.5) 



1 



J(<^o) 



Thus 



d(c^o) do{ipo) 



"(v'o) no(V'o) 



> 



|go| 



(2.6) 



Combining (j2.5p and ()2.6p . we obtain that if a is any number such that < a < 1, we have 



'«(p,Po) > min 



a' 1 



1-a^ 



1 + a^g' l + a^k{l + kg)' I + a^ j ' 



(2.7) 



Finally, ([IS]), ([231), dZZ]) yield dZT]) in all cases. With a := —^, we obtain 

v2 



, 1 , 



.(p,P0)>imin{i, ^^^1^ 

which contradicts the hypothesis. Hence d — nc is invertible as an element of R, and hence 
p is stabilized by c. D 



3. An example 



Consider the bidisc ^ 



{izi,Z2) e C^ : \zi\ < 1 and \z2\ < 1}. Let R := W^{ 



i(Tn'2\ 



be the Wiener algebra of the bidisc, that is. 



W 



l/Tn^2N 



f ■■= Yl "fcl.fc2^l'' 



,fc2 



ki,k2>0 



ki,k2>0 



Then this is a relevant class of stable transfer functions arising in the analysis/synthesis 
of multidimensional digital filters, and membership in this class guarantees bounded input- 
bounded output (BIBO) stability; see for example [21 §2.1, p. 3-4]. 
Consider the nominal plant po given by 

21 ^2 



Po := 



zfzl - 1 
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which has the coprime factorization P = -^, where uq := ziZ2, do := zfz2 — I. 

do 
A stable controller which stabilizes po is c := ^12:2 £ VF^(D^), and we have 

Po 

go := :; = -Z1Z2. 

1 -poc 

We take S := ^4(0^), namely the bidisc algebra of functions continuous on D x D and holo- 
morphic functions in D^, with pointwise operations and the supremum norm: 

||/||oo:= sup \f{z,,Z2)\, /G^(O'). 

Then since the maximal ideal spaces of T^^(B^) and of y4(D^) can both be identified with 
B X D [7l Theorem 11.7, p. 279], it follows that W^{B'^) is fuh subalgebra in ^(D^). 

Clearly, g := ||go||oo = || - -2i-22||oo = 1 and k := ||c||oo = ||-2i-22||oo = 1- So for ah 
p G S(M^1(B2)) satisfying 

/ A 1 ■ /1 1 1 1 1 ■ /1 1 11 1 

/^(PiPo) < T^mmM, -, } = -mm<^ 1, 



3 I ' 5' k{l + kg)} 3 \ ' 1(1 + 1-1)' 1} 6' 

p is also stabilized by c. In particular, if we consider plants of the form 

Z1Z2 - a 



Pa : = 



zjzl - 1 ^ 



for real a satisfying \a\ < 1, then we can estimate k(pq,,po) as follows. We have 



Ki'Pa,Po) = sup 



I 112 2 

\a\\zfz2 



2i,22GiD) ^/\zizi - ap + \zfz^ - IpY^jziZip + \zfz'^ - 1^ 

\a\ \a\ 2 

< sup — < sup — T^^^^^^^^ = ^p|a|. 

Zl,Z2GlD) ylziZip + |2:fz| — 1|2 0<k<l ^yk'^ + {1 — k'^)'^ V3 

Thus for a satisfying \a\ < — p, pa is stabilized by c. 

Acknowledgements: The author thanks Jonathan Partington for kindly providing a copy 
of [5], and Rudolf Rupp for useful comments on a previous draft of the article. 

References 

[1] J. A. Ball and A.J. Sasane. Extension of the z^-metric. Complex Analysis and Operator Theory, 6:65-89, 

no. 1, 2012. 
[2] N.K. Bose. Multidimensional systems theory and applications. Second edition. With contributions by B. 

Buchberger and J. P. Guiver. Kluwer Academic Publishers, Dordrecht, 2003. 
[3] A.K. El-Sakkary. The gap metric: robustness of stabilization of feedback systems. IEEE Transactions on 

Automatic Control, 30:240-247, no. 3, 1985. 
[4] W.K. Hayman. Meromorphic functions. Oxford Mathematical Monographs Clarendon Press, Oxford 1964. 
[5] J.R. Partington. Robust control and approximation in the chordal metric. In Robust Control, Proceedings 

of the workshop held in Tokyo, June 2324, 1991, edited by S. Hosoe. Lecture Notes in Control and 

Information Sciences, 183. Springer- Verlag, Berlin, 1992. 
[6] J.R. Partington. Linear operators and linear systems. An analytical approach to control theory. London 

Mathematical Society Student Texts 60, Cambridge University Press, Cambridge, 2004. 
[7] W. Rudin. Functional analysis. Second edition. International Series in Pure and Applied Mathematics. 

McGraw-Hill, New York, 1991. 
[8] A.K. El-Sakkary. Estimating robustness on the Riemann sphere. International Journal of Control, 

49:561567, no. 2, 1989. 



GENERALIZED CHORDAL METRIC 9 

[9] A.J. Sasane. Extension of the i^-metric for stabilizable plants over H"^ . Mathematical Control and Related 

Fields, 2:29-44, no. 1, March 2012. 
[10] M. Vidyasagar. The graph metric for unstable plants and robustness estimates for feedback stability. IEEE 

Transactions on Automatic Control, 29:403-418, no. 5, 1984. 
[11] G. Vinnicombe. Frequency domain uncertainty and the graph topology. IEEE Transactions on Automatic 

Control, no. 9, 38:1371-1383, 1993. 
[12] G. Zames and A.K. El-Sakkary. Unstable systems and feedback: The gap metric. In Proceedings of the 

Eighteenth Allerton Conference on Communication, Control and Computing (Monticello, IL, 1980), 380- 

385, University of Illinois, Department of Electrical Engineering, Urbana- Champaign, IL, Oct. 1980. 

Department of Mathematics, London School of Economics, Houghton Street, London WC2A 
2AE, United Kingdom. 

E-mail address: sasane@lse.ac.uk 



